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Lq wklv sdshu wzr vlpsoh whvwv wr glvwlqjxlvk ehwzhhq xqlw urrw surfhvvhv dqg vwdwlrq0
du| qrqolqhdu surfhvvhv duh sursrvhg1 Qhz olplw glvwulexwlrq uhvxowv duh surylghg/
wrjhwkhu zlwk wzr F w | s hw h v wv w d w l v w l f vi r uw k hm r l q wx q l wu r r wd q go l q h d u l w |k | s r w k 0
hvlv djdlqvw d vshflf qrqolqhdu dowhuqdwlyh1 Qrqolqhdulw| lv ghqhg wkurxjk wkh
vprrwk wudqvlwlrq dxwruhjuhvvlyh prgho1 Gxh wr rffdvlrqdo vl}h glvwruwlrq lq vpdoo
vdpsohv/ d vlpsoh errwvwuds phwkrg lv sursrvhg iru hvwlpdwlqj wkh s0ydoxhv ri wkh
whvwv1 Srzhu vlpxodwlrqv vkrz wkdw wkh wzr whvwv/ Fnd dqg Fd/k d y hd wo h d v ww k hv d p h
ru kljkhu srzhu wkdq wkh fruuhvsrqglqj Glfnh|0Ixoohu whvwv1 Ilqdoo|/ dv dq h{dpsoh/
wkh whvwv duh dssolhg rq wkh vhdvrqdoo| dgmxvwhg X1V1 prqwko| xqhpsor|phqw udwh1
Wkh olqhdu xqlw urrw k|srwkhvlv lv vwurqjo| uhmhfwhg/ vkrzlqj frqvlghudeoh hylghqfh
wkdw wkh vhulhv lv ehwwhu ghvfulehg e| d vwdwlrqdu| vprrwk wudqvlwlrq dxwruhjuhvvlyh
surfhvv wkdq d udqgrp zdon1
Nh|zrugv= Vprrwk wudqvlwlrq dxwruhjuhvvlyh prgho/ qrqolqhdulw|/ xqlw urrw/ Eurzq0
ldq prwlrq/ fulwlfdo ydoxhv/ errwvwuds/ Prqwh Fduor vlpxodwlrqv/ xqhpsor|phqw udwh1
MHO frghv= F45/ F551
Dfnqrzohgjhphqw= Ilqdqfldo vxssruw iurp Mdq Zdoodqghu*v dqg Wrp Khgholxv*v
Irxqgdwlrq lv judwhixoo| dfnqrzohgjhg1 L dovr zlvk wr wkdqn Shqwwl Vdlnnrqhq dqg
Vyhqg K|oohehuj iru khosixo frpphqwv1
Vwrfnkrop Vfkrro ri Hfrqrplfv/ S1R1 Er{ 9834/ VH0446 ;6 Vwrfnkrop/ Vzhghq
￿Euxqr1HnoxqgCkkv1vh4L q w u r g x f w l r q
Wkh uhvhdufk dqg ghyhorsphqw ri xqlw urrw whvwv kdyh ehhq frqvlghudeoh iru wkh sdvw wzhqw|
|hduv1 D pdlq prwlydwlrq kdv ehhq wr dqdo|}h dqg h{sodlq wkh doohjhgo| srru surshuwlhv
ri wkh vwdqgdug xqlw urrw whvwv dqg wr sursrvh dowhuqdwlyh whvwv/ riwhq lq dq dwwhpsw wr
lqfuhdvh wkh dssolfdelolw| dqg srzhu ri wkh whvwv1 Dv Qhovrq dqg Sorvvhu +4<;5, vkrzhg/
vwdqgdug Glfnh|0Ixoohu whvwv duh xqdeoh wr uhmhfw wkh k|srwkhvlv ri d xqlw urrw lq vhyhudo
pdfurhfrqrplf dqg qdqfldo wlph vhulhv1 Wkh srru vl}h dqg srzhu surshuwlhv ri wkh
vwdqgdug whvwv zkhq wkh wlph vhulhv frqwdlq vwuxfwxudo fkdqjhv/ vkliwv lq phdq ru jurzwk
udwh/ ru qrqolqhdu ehkdylru/ kdyh ehhq qrwlfhg lq vhyhudo vwxglhv1 Slsshqjhu dqg Jrhulqj
+4<<6, vkrzhg krz wkh srzhu ri wkh vwdqgdug Glfnh|0Ixoohu whvwv idoov frqvlghudeo| zkhq
wkh wuxh dowhuqdwlyh lv d wkuhvkrog dxwruhjuhvvlyh +WDU, prgho1 Wkh| srlqwhg rxw wkdw
lq wkh suhvhqfh ri wudqvdfwlrq frvwv ru k|vwhuhvlv wkuhvkrogv wkh xvhixoqhvv ri vwdqgdug
xqlw urrw whvwv lq h{dplqlqj orqj0uxq hfrqrplf uhodwlrqvklsv lv vxvshfw1 Glherog dqg
Uxghexvfk +4<<3, vkrzhg vlplodu orvv lq srzhu zkhq wkh wuxh dowhuqdwlyh lv d iudfwlrqdoo|
lqwhjudwhg surfhvv1 Shuurq +4<;<, dujxhg wkdw wkh orz srzhu djdlqvw vwuxfwxudo euhdnv lq
ohyho dqg jurzwk udwh fdq uhvxow lq ryhuvwdwlqj wkh hylghqfh lq idyru ri xqlw urrwv1 Wkh
frqyhuvh sureohp grhv/ krzhyhu/ dovr h{lvw/ wkdw vwdqgdug xqlw urrw whvwv uhmhfw wrr riwhq
zkhq wkhuh lv d vlqjoh vwuxfwxudo euhdn lq wuhqg ru yduldqfh xqghu wkh qxoo k|srwkhvlv/
dv ghprqvwudwhg e| Oh|erxuqh/ Ploov dqg Qhzerog +4<<;,/ dqg Kdprul dqg Wrnlklvd
+4<<:,1 Qhovrq/ Sljhu dqg ]lyrw +5334, vkrzhg vlplodu uhvxowv ri vl}h glvwruwlrq zkhq
wkh wuxh qxoo prgho frqwdlqv Pdunry uhjlph vzlwfklqj lq wuhqg jurzwk udwh1 Wkh| dovr
vkrzhg orz srzhu whvwlqj wkh xqlw urrw k|srwkhvlv djdlqvw dq dowhuqdwlyh surfhvv zlwk
Pdunry0vzlwfklqj wuhqg1
Vlqfh wkh pdlq irfxv ri wkhvh vwxglhv zdv rq dqdo|}lqj wkh olqhdu prgho/ dq| srvvleoh
qrqolqhdu surshuwlhv ru ihdwxuhv ri wkh wlph vhulhv zhuh ljqruhg1 Rq wkh rwkhu kdqg/ wkhuh
h{lvwv hpslulfdo hylghqfh lqglfdwlqj wkdw pdq| ihdwxuhv ri pdfurhfrqrplf dqg qdqfldo
wlph vhulhv fdqqrw eh dghtxdwho| ghvfulehg dqg dqdo|}hg xvlqj olqhdu whfkqltxhv1 Dv d
uhvxow/ qrqolqhdu prghov kdyh ehfrph dq dfwlyh duhd ri uhvhdufk lq hfrqrphwulfv1 Dprqj
rwkhu wklqjv/ lqwhuhvw kdv ehhq ghyrwhg wr wkh sureohp ri whvwlqj wkh mrlqw k|srwkhvlv ri
olqhdulw| dqg xqlw urrw ri d wlph vhulhv djdlqvw vshflf qrqolqhdu dqg vwdwlrqdu| dowhuqd0
wlyhv1 Wkh olwhudwxuh lq wklv duhd kdv ehhq jurzlqj udslgo|1
Dq h{dpsoh ri d uhfhqw vwxg| ri wklv nlqg lv Hqghuv dqg Judqjhu +4<<;,1 Wkh dxwkruv
dqdo|}hg dqg surylghg d whvw ri wkh xqlw urrw k|srwkhvlv djdlqvw wkh wkuhvkrog dxwruhjuhv0
vlyh +WDU, prgho1 Wkh| irxqg wkdw pryhphqwv wrzdug orqj0uxq htxloleulxp uhodwlrqvkls
ri dq lqwhuhvw udwh duh ehvw hvwlpdwhg dv dq dv|pphwulf surfhvv1 Ehuehq dqg ydq Glmn
+4<<<,/ zkr dssolhg d prglhg yhuvlrq ri wkh Hqghuv dqg Judqjhu +4<<;, whvw/ irxqg
dv|pphwulf dgmxvwphqwv lq vhyhudo iruzdug suhplxp vhulhv1 Fdqhu dqg Kdqvhq +5334,/
zkr dovr frqvlghuhg wkh WDU prgho dv dq dowhuqdwlyh wr wkh xqlw urrw k|srwkhvlv/ sur0
srvhg d errwvwuds surfhgxuh wr dssur{lpdwh wkh vdpsolqj glvwulexwlrq ri wkh whvw vwdwlvwlf
xqghu wkh qxoo1 Wkh| uhsruwhg vwurqj hylghqfh wkdw X1V1 pdoh xqhpsor|phqw lv ehwwhu
ghvfulehg e| d vwdwlrqdu| WDU surfhvv wkdq d xqlw urrw surfhvv1 Ixuwkhu h{dpsohv duh
Ndshwdqlrv dqg Vklq +5333,/ zkr ghyhorshg dqg dqdo|}hg d whvw djdlqvw wkh vhoi0h{flwlqj
wkuhvkrog dxwruhjuhvvlyh +VHWDU, prgho1 Wkhlu whvw zdv pruh srzhuixo wkdq wkh Glfnh|0
Ixoohu whvw wkdw ljqruhv wkh wkuhvkrog qdwxuh xqghu wkh dowhuqdwlyh1 Ndshwdqlrv/ Vklq dqg
Vqhoo +5336, frqvlghuhg d vlpsoh h{srqhqwldo vprrwk wudqvlwlrq dxwruhjuhvvlyh prgho/ rqo|
doorzlqj iru d uhjlph vkliw lq wkh vorsh sdudphwhu/ dv wkh dowhuqdwlyh wr wkh mrlqw olqhdulw|
dqg xqlw urrw k|srwkhvlv1 Dv dq looxvwudwlrq wkh| surylghg dq dssolfdwlrq wr uhdo lqwhuhvw
4udwhv/ dqg uhmhfwhg wkh qxoo k|srwkhvlv iru vhyhudo lqwhuhvw udwhv frqvlghuhg/ zkhuhdv wkh
vwdqgdug Dxjphqwhg Glfnh|0Ixoohu whvwv idlohg wr gr wkdw1
Wklv sdshu zloo frqvlghu whvwlqj wkh mrlqw olqhdulw| dqg xqlw urrw k|srwkhvlv djdlqvw
d vprrwk wudqvlwlrq dxwruhjuhvvlyh +VWDU, prgho1 Vwdqgdug VWDU prghov kdv wzr h{0
wuhph uhjlphv/ dqg wkh wudqvlwlrq ehwzhhq wkhp lv vprrwk> vhh Whuçvyluwd +4<<7, iru pruh
glvfxvvlrq1 Ixuwkhupruh/ wkh wzr0uhjlph WDU prgho lv lqfoxghg lq wkh VWDU prgho dv d
vshfldo fdvh1
Wkh sdshu zloo eh rujdql}hg dv iroorzv1 Vhfwlrq 5 frqwdlqv wkh prgho vshflfdwlrq1
Dv|pswrwlf uhvxowv/ olplwlqj glvwulexwlrqv iru wkh wzr uhvxowlqj whvw vwdwlvwlfv dqg fulwlfdo
ydoxhv duh surylghg lq vhfwlrq 61 Vhfwlrq 7 ghvfulehv wkh errwvwuds phwkrg wr hvwlpdwh
s0ydoxhv/ dqg uhsruwv uhvxowv ri Prqwh Fduor vlpxodwlrqv ri wkh vpdoo vdpsoh surshuwlhv/
vl}h dqg srzhu/ ri wkh sursrvhg whvwv1 Vhfwlrq 8 frqwdlqv dq hpslulfdo dssolfdwlrq/ dqg
Vhfwlrq 9 frqfoxghv1 Wkh dsshqgl{ lqfoxghv surriv ri wkh wzr wkhruhpv1
D ihz zrugv rq wkh qrwdwlrq1 Doo olplwv duh wdnhq dv T $ 4/ dqg zhdn frqyhujhqfh
lv ghqrwhg dv ,1
5 Prgho/ qxoo k|srwkhvlv dqg dx{loldu| uhjuhvvlrq
Frqvlghu wkh iroorzlqj xqlyduldwh vprrwk wudqvlwlrq dxwruhjuhvvlyh +VWDU, prgho
{yt ' f n ￿{yt3￿ n ¨yt3￿ nE 'f n '￿{yt3￿F E;c;yt3￿n"t/+ 4 ,
zkhuh t ' ;:::;T/ dqg wkh ghshqghqw yduldeoh/ yt/ lv lqfoxghg lq wkh prgho erwk dv
glhuhqfhv/ {yt/ dqg ohyhov/ yt/ exw lq wkh ixqfwlrq F E rqo| lq ohyhov1 Wkh glhuhqfhv/ {yt/
dqg huuruv/ "t/ duh dvvxphg wr eh vwdwlrqdu|/ dqg wkh huuruv vdwlvi| E"t 'f 1I x u w k h u p r u h /
wkh wudqvlwlrq ixqfwlrq F E lv d erxqghg frqwlqxrxv ixqfwlrq/ F E 5 d￿
2; ￿
2o1 Wklv doorzv
wkh g|qdplf ehkdylru ri wkh prgho wr fkdqjh ehwzhhq wzr uhjlphv fruuhvsrqglqj wr wkh
fdvhv zkhq F E'￿
2 dqg F E'￿
2/ vprrwko| zlwk wkh wudqvlwlrq yduldeoh yt3￿1D
qxpehu ri glhuhqw srvvlelolwlhv h{lvw iru wkh fkrlfh ri wkh ixqfwlrq F E/ vhh Judqjhu
dqg Whuçvyluwd +4<<6, ru Whuçvyluwd +4<<;, iru d suhvhqwdwlrq dqg glvfxvvlrq ri wkh prvw
frpprq ixqfwlrqdo irupv1 Wklv sdshu zloo irfxv rq wkh orjlvwlf ixqfwlrq





zkhuh wkh sdudphwhu c lv wkh wudqvlwlrq plgsrlqw sdudphwhu/ dqg  wkh vshhg ri wudqvlwlrq
iurp rqh h{wuhph uhjlph wr wkh rwkhu1 Qrwh wkdw dv  $ 4 wkh ixqfwlrq F E dssurdfkhv
d vwhs ixqfwlrq/ vr wkh prgho xowlpdwho| ehfrphv d wkuhvkrog dxwruhjuhvvlyh +WDU, prgho/
vhh Wrqj +4<;6,1 Rq wkh rwkhu kdqg/ zkhq  'fwkh ixqfwlrq F E lv frqvwdqw iru doo
ydoxhv ri yt3￿/ lpso|lqj wkdw prgho +4, lv olqhdu1 Wkh olqhdulw| k|srwkhvlv fdq wkxv eh
ghqhg dv  'f 1
Whvwlqj Hf G  'flq +4, dqg +5, lv qrw vwudljkwiruzdug/ krzhyhu1 Wkh uhdvrq iru
wklv lv wkh lghqwlfdwlrq sureohp dv +4, lv rqo| lghqwlhg iru >f exw qrw iru  'f /v h h
Oxxnnrqhq/ Vdlnnrqhq dqg Whuçvyluwd +4<;;,/ Whuçvyluwd +4<<7d/e,/ Olq dqg Whuçvyluwd
+4<<7, iru ghwdlov1 Iroorzlqj wkh lghd lq Oxxnnrqhq hw do1 +4<;;,/ wklv sureohp fdq eh
flufxpyhqwhg e| d uvw0rughu Wd|oru dssur{lpdwlrq durxqg  'flq F E;c;yt3￿1W k l v
5uhvxowv lq wkh iroorzlqj dssur{lpdwh prgho=


































t ' "t nR￿ E;yt3￿E'f n '￿{yt3￿/ R￿ ehlqj wkh uhpdlqghu1 Lq htxdwlrq +6,/ wkh
olqhdulw| k|srwkhvlv qrz fruuhvsrqgv wr ¦ 'f 1 Dovr qrwh wkdw xqghu wkh qxoo k|srwkhvlv
"W
t ' "t vlqfh wkh uhpdlqghu R￿  f1P r y l q j yt3￿ wr wkh uljkw kdqg vlgh uhvxowv lq wkh
iroorzlqj prgho=
yt ' {yt3￿ n ¦yt3￿{yt3￿ n  n ¢yt3￿ n "
W
t/+ 7 ,
zkhuh ¢ '  n 1 Zkhq wkh dgglwlrqdo whup yt3￿{yt3￿ lv h{foxghg/ wklv dx{loldu| dxwruh0
juhvvlrq lv wkh prgho xvhg lq wkh Dxjphqwhg Glfnh|0Ixoohu +DGI, whvw zlwk d frqvwdqw
dqg rqh odj ri {yt dv uhjuhvvruv1 Dv d frqvhtxhqfh/ li '￿ 'flq wkh VWDU prgho +4,/
wkh uhvxowlqj dx{loldu| dqg DGI prghov duh lqglvwlqjxlvkdeoh iurp hdfk rwkhu/ hyhq iru
'f 9'f 1 Qr dgglwlrqdo srzhu/ frpsduhg wr wkh DGI whvwv/ fdq wkhuhiruh eh h{shfwhg
ri wkh wzr whvwv wr eh sursrvhg ehorz li wkhuh lv d uhjlph vkliw rqo| lq wkh lqwhufhsw1 D
uhphg| wr wklv sureohp zrxog eh wr edvh wkh whvwv rq d wklug0rughu Wd|oru dssur{lpdwlrq
wr +5,/ dv lq Whuçvyluwd +4<<7d/e,1 Wklv fdvh zloo qrw/ krzhyhu/ eh frqvlghuhg dq| ixuwkhu
khuh1
Lq Ndshwdqlrv hw do1 +5336,/ wkh fruuhvsrqglqj dx{loldu| dxwruhjuhvvlrq kdg wkh irup
{yt ' y
￿
t3￿ n "t/+ 8 ,
lqglfdwlqj wkdw wkh| kdyh d udqgrp zdon zlwkrxw guliw ru wlph wuhqg xqghu wkhlu qxoo
k|srwkhvlv/  'f 1 Wklv zdv dovr lpsolhg e| wkhlu dowhuqdwlyh prgho/ exw e| xvlqj gh0
phdqhg dqg gh0wuhqghg yduldeohv lq d wzr0vwhs surfhgxuh wkh| zhuh deoh wr doorz iru d
udqgrp zdon zlwk guliw dqg d udqgrp zdon zlwk wlph0wuhqg xqghu wkh qxoo1
Vlqfh prgho +7, qhvwv wkh DGI prgho/ wklv vshflfdwlrq pdnhv lw srvvleoh wr vhw xs d
mrlqw whvw ri wkh xqlw urrw dqg olqhdulw| k|srwkhvhv/ doorzlqj yt wr iroorz d vwdwlrqdu| qrq0
olqhdu surfhvv xqghu wkh dowhuqdwlyh1 D mrlqw whvw ri wkh xqlw urrw dqg olqhdulw| k|srwkhvhv
djdlqvw qrqolqhdulw| dprxqwv wr whvwlqj wkh k|srwkhvlv Hf￿ G ¦ '  'f ;¢'lq +7,1 Lw
lv hdvlo| vhhq wkdw yt lq idfw kdv d xqlw urrw xqghu wklv qxoo k|srwkhvlv/ vlqfh prgho +7,
wkhq htxdov=
yt ' {yt3￿ n yt3￿ n "t1+ 9 ,
Htxdwlrq +9, fdq dovr eh zulwwhq dv
{yt ' {yt3￿ n "t/+ : ,
ru/ htxlydohqwo|/ dv dq lqqlwh0rughu prylqj dyhudjh prgho




!i"t3i ' !EL"t ' ut/+ ; ,
zkhuh L lv wkh odj rshudwru/ wkdw lv/ Lyt ' yt3￿1 Wkxv/ xqghu Hf￿/ iytj lv d udqgrp
zdon zlwkrxw guliw1 Xqghu wkh pdlqwdlqhg k|srwkhvlv ri d xqlw urrw xqghu wkh qxoo/ wkh
k|srwkhvlv Hf2 G ¦ 'f ;¢'fruuhvsrqgv wr wkh fdvh ri d udqgrp zdon zlwk guliw1
6Iurp htxdwlrq +6, lw lv vhhq wkdw whvwlqj wkh k|srwkhvlv  'flpsolhv d whvw ri f 'f
lq wkh VWDU prgho +4, xqghu wkh ruljlqdo olqhdulw| frqglwlrq  'f 1D o v r /e | w k h v d p h
wrnhq/ uhvwulfwlrq ¢ 'lpsolhv d whvw ri ¨ 'f 1 Wkxv/ zkhq wkh qxoo k|srwkhvlv Hf￿ lv
uhmhfwhg/ sdudphwhuv f dqg ¨ pxvw eh lqfoxghg lq wkh dowhuqdwlyh prgho1
Vlqfh wkh {yt surfhvv lv dvvxphg wr eh vwdwlrqdu|/ htxdwlrq +:, lpsolhv wkdw wkh sdud0
phwhu mm < 1Q r w hw k d wl i ' / {yt kdv d xqlw urrw vr wkdw yt lv dq IE2 surfhvv1 Rq
wkh rwkhu kdqg/ li  ' / yt kdv d qhjdwlyh xqlw urrw1 Iurp wklv iroorzv wkdw sureohpv
fdq dulvh lq sudfwlfh li  lv forvh wr  ru 1 Wklv sureohp zloo eh dqdo|}hg dqg glvfxvvhg
lq vhfwlrq 71
6 Olplw uhvxowv dqg wkh dv|pswrwlf whvwv
Ohw bT '

e ; e ¦; e ; e ¢
￿
eh wkh ruglqdu| ohdvw vtxduhv hvwlpdwru ri  'E ;¦;;¢
￿ lq +7,/ vr
wkdw










zkhuh xt 'E { yt3￿;y t3￿{yt3￿;;y t3￿
￿1 Wkh frqyhujhqfh udwhv dqg olplw glvwulexwlrqv iru
prvw ri wkh hohphqwv lq wkh pdwul{ dqg yhfwru lq htxdwlrq +<, duh nqrzq iurp suhylrxv
vwxglhv1 Krzhyhu/ suredelolw| olplwv wr vrph ri wkh whupv kdyh qrw ehhq frqvlghuhg ehiruh
dqg duh jlyhq lq Wkhruhp 41 Iluvw/ wkh iroorzlqj dvvxpswlrq/ hpsor|hg e| Kdqvhq +4<<5,/
lv dvvxphg wr eh vdwlvhg1
Dvvxpswlrq 4 Iru vrph q>>2/ i¥tj lv d }hur phdq/ vwurqj pl{lqj vhtxhqfh zlwk
pl{lqj frh!flhqwv ri vl}h q=Eq  /d q gtT
tD￿








Wklv dvvxpswlrq doorzv iru d zlgh ydulhw| ri glhuhqw pl{lqj surfhvvhv/ dqg lq sdu0
wlfxodu surfhvvhv zlwk zhdno| ghshqghqw khwhurjhqhrxv revhuydwlrqv wkdw duh frpprq lq
hfrqrphwulf dssolfdwlrqv1 Wkh iroorzlqj uhvxow fdq qrz eh vwdwhg=
Wkhruhp 4 Dvvxph wkdw iutj lq htxdwlrq +;, vdwlvhv Dvvxpswlrq 4/ dqg ohw i"tj eh dq
l1l1g1 vhtxhqfh zlwk phdq }hur/ yduldqfh £2/ dqg d qlwh irxuwk prphqw1 Ghqh
j ' E Eutut3j'£2
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tut ' op E
zkhuh W Er dqg B Er duh wzr lqghshqghqw vwdqgdug Eurzqldq prwlrqv ghqhg iru r 5
df;o1
Surri1 Vhh wkh Dsshqgl{1
Revhuylqj wkh udwhv ri frqyhujhqfh lq Wkhruhp 4 dqg rwkhu nqrzq olplw uhvxowv doorzv





1+ 4 4 ,
Wkhq/ suh0pxowlso|lqj bT   lq htxdwlrq +<, e| CT/ qlwh olplwv wr wkh ruglqdu| ohdvw
vtxduhv hvwlpdwhv duh jlyhq e|
























1+ 4 5 ,
Wkh qxoo k|srwkhvlv/ Hf￿ G ¦ '  'f ;¢' / kdv wkh dowhuqdwlyh uhsuhvhqwdwlrq Hf￿ G R '




/ f￿ 'E f ;f;f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Wkh F whvw vwdwlvwlf lv wkhq ghqhg lq wkh xvxdo zd| dv
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+47,
lv d frqvlvwhqw hvwlpdwru ri £2/d q gk htxdov wkh qxpehu ri uhvwulfwlrqv1 Lq wkh suhvhqw
fdvh/ k ' 1 Wkh fruuhvsrqglqj vwdwlvwlf iru whvwlqj wkh k|srwkhvlv Hf2 wkdw doorzv d guliw












dqg k '2 1 Wkh whvw vwdwlvwlfv zloo eh fdoohg Fnd dqg Fd/z k h u hnd dqg d vwdqg iru *qr guliw*
dqg *guliw*/ uhvshfwlyho|1 Reylrxvo|/ wkh| gr qrw kdyh vwdqgdug dv|pswrwlf glvwulexwlrqv dv
lv wkh fdvh lq whvwlqj olqhdulw| lq vwdwlrqdu| VWDU surfhvvhv1 Wkhlu dv|pswrwlf glvwulexwlrq
wkhru| xqghu wkh wzr qxoo k|srwkhvhv lv jlyhq lq wkh iroorzlqj wkhruhp=
8Wkhruhp 5 Ohw Dvvxpswlrq 4 dqg wkh uhvxowv ri Wkhruhp 4 krog1 Wkhq wkh whvw vwdwlvwlfv/
Fnd dqg Fd/ zloo kdyh wkh iroorzlqj dv|pswrwlf glvwulexwlrqv xqghu wkh wzr qxoo k|srwkhvhv>
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Surri1 Vhh wkh dsshqgl{1
Dv|pswrwlf fulwlfdo ydoxhv iru wkh Fnd dqg Fd vwdwlvwlfv kdyh ehhq jhqhudwhg e| vlpx0
odwlrq1 Wklv kdv ehhq grqh e| hvwlpdwlqj wkh wzr F0w|sh whvw vwdwlvwlfv iurp revhuydwlrqv
jhqhudwhg iurp wkh qxoo prgho +9, zlwk  'fdw vdpsoh vl}hv T '2 D ;Df;ff;2Df;Dff
zlwk ffffff uhsolfdwlrqv1 Wkhvh ydoxhv fdq eh irxqg lq Wdeoh 4 zkhuh txdqwlohv iru wkh
dv|pswrwlf glvwulexwlrqv ri wkh whvwv/ +49, dqg +4:,/ duh dovr lqfoxghg1 Wkh| kdyh ehhq
hvwlpdwhg xvlqj wkh vdph qxpehu ri uhsolfdwlrqv dv ehiruh zlwk T ' ffff revhuydwlrqv1
Wdeoh 41 Fulwlfdo ydoxhv iru wkh whvw vwdwlvwlfv Fnd dqg Fd/  'f 1
Fnd Fd
T f:f f:fD f:f2D f:f f:ff f:f f:fD f:f2D f:f f:ff
2D :2e e:fe e:H. S:f2 b:e e:2 D:H S:DH H:2D 2:bb
Df :fb :.S e:e D: .:.2 e:fH D:fS S:fD .:S f:H
ff :fe :SS e:2. D:f. .:fD e:fe e:bS D:HD .:f f:f
2Df :f2 :S2 e:2f e:bD S:.b e:f e:b2 D:.H S:bf b:S
Dff :f2 :S e:H e:b S:.2 e:f e:b2 D:.. S:HS b:DD
4 :ff :DH e:e e:HS S:S2 e:f e:bf D:.e S:H b:e
Qrwh wkdw hyhq li wkh olplw glvwulexwlrqv gr qrw ghshqg rq dq| qxlvdqfh sdudphwhuv/ wkh
fulwlfdo ydoxhv iru vpdoo vdpsoh vl}hv gr1 Xqghu wkh qxoo k|srwkhvlv/ yt lv d ixqfwlrq ri /
dv lv vhhq iurp htxdwlrq +9,1 Wkxv/ xqghu shuihfw frqglwlrqv/ zlwk  nqrzq/ fulwlfdo ydoxhv
fdq eh hdvlo| hvwlpdwhg1 Wklv lv ri frxuvh qrw qrupdoo| wkh fdvh lq sudfwlfh1 Dv qrwhg
9deryh/ vshfldo dwwhqwlrq lv qhhghg iru ydoxhv ri  forvh wr  ru 1 Wkh wlph vhulhv {yt lv
wkhq forvh wr kdylqj d xqlw urrw ru ehfrplqj qrqvwdwlrqdu|1 Lq wkhvh vlwxdwlrqv wkh whvw
pd| uhmhfw wkh qxoo k|srwkhvlv wrr riwhq1 Wklv surshuw| ri wkh whvwv zloo eh lqyhvwljdwhg
lq ghwdlo lq wkh qh{w vhfwlrq1
7 Vpdoo vdpsoh surshuwlhv ri wkh whvwv
Lq wklv vhfwlrq erwk wkh vl}h dqg wkh srzhu surshuwlhv ri wkhvh vwdwlvwlfv duh h{dplqhg1
Iru frpsdulvrq/ wklv lv dovr grqh iru wkh fruuhvsrqglqj ADF whvwv/ khuh fdoohg ADFnd
dqg ADFd1 Ixuwkhupruh/ d errwvwuds phwkrg iru dgmxvwlqj wkh vl}h ri wkh whvwv lq vpdoo
v d p s o h vl vs u r s r v h g 1
714 Vl}h vlpxodwlrqv
Wr lqyhvwljdwh wkh vl}h surshuwlhv wkh uhmhfwlrq suredelolwlhv ri wkh wuxh qxoo k|srwkhvlv duh
frpsxwhg/ xvlqj Prqwh Fduor vlpxodwlrqv dqg fruuhvsrqglqj fulwlfdo ydoxhv iurp Wdeoh
4/ iru vdpsoh vl}hv T '2 D ;Df;ff;2Df;Dff;fff1 Wkh qrplqdo vl}h frqvlghuhg iru hdfk
whvw lv DI/ dqg wkh qxpehu ri uhsolfdwlrqv htxdov ffffff1 Wkh gdwd duh jhqhudwhg iurp
wkh qxoo prgho +9, dvvxplqj i"tjnidEf;1 Vlqfh wkh hpslulfdo vl}h lq vpdoo vdpsohv
lv dhfwhg e| / lw kdv ehhq frpsxwhg iru d qxpehu ri glhuhqw ydoxhv ri  udqjlqj iurp
plqxv rqh wr rqh1 Iljxuhv 4 wr 7 glvsod| wkh hvwlpdwhg vl}hv ri wkh Fnd/ ADFnd/ Fd dqg
ADFd whvw vwdwlvwlfv dv ixqfwlrqv ri  iru wkh glhuhqw vdpsoh vl}hv1 Lq wkh wzr ADF whvwv/
wkh uhjuhvvlrq htxdwlrq frqwdlqv wkh uvw odj ri {yt1
Wkh whvw vwdwlvwlfv zkrvh hpslulfdo vl}hv duh vkrzq lq Iljxuhv 4 wr 7 doo vkduh wkh fkdu0
dfwhulvwlf wkdw wkhlu vl}h surshuwlhv ehfrph srru iru ydoxhv ri  forvh wr rqh1 Ixuwkhupruh/
wkh whvw vwdwlvwlfv Fnd dqg Fd duh ryhuvl}hg iru ydoxhv ri  qhdu  dv zhoo1 Dv qrwhg
deryh/ iytj lv IE2 iru  ' / zklfk pdqlihvwv lwvhoi lq kljk uhmhfwlrq iuhtxhqflhv ri wkh
wuxh qxoo k|srwkhvlv zkhq  lv qhdu xqlw|1 Iru mm 'wkh vwdwlrqdulw| dvvxpswlrq ri
{yt lv ylrodwhg/ zklfk/ dv fdq eh h{shfwhg/ uhvxowv lq pruh iuhtxhqw uhmhfwlrqv ri wkh qxoo
k|srwkhvlv wkdq wkh dv|pswrwlf wkhru| suhvfulehv1 Lq wkh jxuhv/ wkh vpdoohu wkh vdpsoh
vl}h/ wkh odujhu wkh ghyldwlrq iurp wkh qrplqdo DI vl}h ohyho1 Wkh vl}h whqgv wrzdugv wkh
qrplqdo DI zkhq wkh vdpsoh vl}h lv lqfuhdvhg1 Dqrwkhu qrwdeoh idfw lv wkdw wkh ghyldwlrqv
iurp wkh qrplqdo vl}h iru wkh wzr whvwv doorzlqj iru d guliw whup/ Fd dqg ADFd/d u hq r wd v
odujh dv wkh rqhv iru wkh Fnd dqg ADFnd1 Dv wkh fulwlfdo ydoxhv lq Wdeoh 4 duh hvwlpdwhg
iru  'f / fdofxodwlqj qhz fulwlfdo ydoxhv ru xvlqj errwvwudsshg s0ydoxhv lq wkh whvwv lv
uhfrpphqghg zkhqhyhu  lv vxvshfwhg wr eh forvh wr  ru  dqg wkh vdpsoh vl}h lv vpdoo1
Wkh hpslulfdo vl}h ri Fnd dqg Fd kdyh dovr ehhq hvwlpdwhg iru wzr fdvhv ri qrq0qrupdo
huuruv1 Frqvlghulqj huuruv gudzq iurp tES dqg §2 E   wkh Prqwh Fduor vlpxodwlrq
vhwxs lv uhshdwhg1 Wkh vlpxodwlrq uhvxowv lqglfdwh wkdw wkh Fd lv urexvw djdlqvw erwk w|shv
ri qrq0qrupdo huuruv1 Qr glhuhqfh lq hvwlpdwhg vl}h fdq eh ghwhfwhg ehwzhhq wkh wzr
qrq0qrupdo fdvhv dqg wkh qrupdo fdvh1 Wkh vdph uhvxow krogv iru Fnd zkhq frqvlghulqj
tES0glvwulexwhg huuruv1 Rq wkh rwkhu kdqg/ huuruv iurp wkh §2 E glvwulexwlrq uhvxow lq
voljkwo| kljkhu uhmhfwlrq iuhtxhqflhv frpsduhg wr wkh qrupdo fdvh dw ydoxhv ri  ehwzhhq
 dqg derxw f:S1 Wkh glhuhqfh lv wkh odujhvw iru wkh wkuhh vpdoohvw vdpsoh vl}hv/
T '2 D ;Df;ff1I r u T '2 D / wkh hvwlpdwhg vl}h glvwruwlrq lv xs wr  shufhqwdjh srlqwv
kljkhu/ kljkhvw iru ydoxhv ri  forvh wr 1Z k h q T ' ff w k hv l } hl vr q o |x sw r
shufhqwdjh srlqwv kljkhu1 Dw rwkhu vdpsoh vl}hv/ dqg iru doo vdpsoh vl}hv dw ydoxhv ri 
:forvh wr / qr hhfw rq wkh vl}h fdq eh ghwhfwhg frpsduhg wr wkh qrupdo fdvh1
Iljxuh 41 Vl}h ri wkh Fnd vwdwlvwlf iru T '2 D / Df/ ff/ 2Df/ Dff/ fff1W k h
ghyldwlrqv iurp wkh qrplqdo DI vl}h ohyho/ ghfuhdvh zlwk wkh vdpsoh vl}h1
Iljxuh 51 Vl}h ri wkh ADFnd vwdwlvwlf iru T '2 D / Df/ ff/ 2Df/ Dff/ fff1W k h
ghyldwlrqv iurp wkh qrplqdo DI vl}h ohyho/ ghfuhdvh zlwk wkh vdpsoh vl}h1
;Iljxuh 61 Vl}h ri wkh Fd vwdwlvwlf iru T '2 D / Df/ ff/ 2Df/ Dff/ fff1W k h
ghyldwlrqv iurp wkh qrplqdo DI vl}h ohyho/ ghfuhdvh zlwk wkh vdpsoh vl}h1
Iljxuh 71 Vl}h ri wkh ADFd vwdwlvwlf iru T '2 D / Df/ ff/ 2Df/ Dff/ fff1W k h
ghyldwlrqv iurp wkh qrplqdo DI vl}h ohyho/ ghfuhdvh zlwk wkh vdpsoh vl}h1
<715 Errwvwudsslqj wkh fulwlfdo ydoxhv
Lq wklv vhfwlrq/ d vlpsoh errwvwuds phwkrg lv vxjjhvwhg lq rughu wr fruuhfw wkh vl}h glv0
wruwlrq dhfwlqj wkh whvwv1 Edvlqj lqihuhqfh rq d errwvwuds glvwulexwlrq fdq vxevwdqwldoo|
lpsuryh wkh qlwh vdpsoh surshuwlhv ri ydulrxv whvw vwdwlvwlfv/ vlqfh wkh errwvwuds s0ydoxh
frqyhujhv wr wkh wuxh s0ydoxh ri wkh whvw dv wkh qxpehu ri errwvwuds uhsolfdwlrqv lqfuhdvhv1
Lq sudfwlfh/ wkh errwvwuds s0ydoxh lv hvwlpdwhg e| vlpxodwlrq1 Iru d vxuyh| rq errwvwuds0
slqj wlph vhulhv vhh Ol dqg Pdggdod +4<<9,1 Fdqhu dqg Kdqvhq +5334, vxjjhvwhg/ zkhq
whvwlqj wkh xqlw urrw k|srwkhvlv djdlqvw wkh WDU prgho/ edvlqj wkh lqihuhqfh rq d errw0
vwuds dssur{lpdwlrq ri wkh olplw glvwulexwlrq ri wkh whvw vwdwlvwlf xqghu wkh qxoo1
Dv lv vhhq iurp wkh suhylrxv uhvxowv/ wkh vpdoo vdpsoh glvwulexwlrqv ri wkh wzr F whvwv/
Fnd dqg Fd/ ghshqg rq wkh sdudphwhu 1V l q f hw k hp r g h ov l p s o l  h vw ryt ' {yt3￿nyt3￿n"t
xqghu Hf￿/d q gw ryt ' {yt3￿ n  n yt3￿ n "t xqghu Hf2/ d prgho0edvhg errwvwuds fdq
eh xvhg iru hvwlpdwlqj s0ydoxhv iru erwk whvwv1 Frqvlghu uvw vwdwlvwlf Fnd/o h we  dqg e D eh
hvwlpdwhv ri  dqg wkh glvwulexwlrq D ri wkh huuruv "t1O h w"b
t eh d udqgrp gudz iurp e D/
dqg jhqhudwh wkh errwvwuds wlph vhulhv
yb
t ' e {yb
t3￿ n yb
t3￿ n "b
t/ t ' ;:::;T1 +4;,
Lqlwldo ydoxhv iru wkh uhvdpsolqj fdq eh vhw wr vdpsoh ydoxhv ri wkh ghphdqhg vhulhv1 Wkh
glvwulexwlrq ri wkh vhulhv yb
t lv fdoohg wkh errwvwuds glvwulexwlrq ri wkh gdwd1 Wkh whvw
vwdwlvwlf/ qrz fdoohg F b
nd/ lv fdofxodwhg iurp wkh uhvdpsohg vhulhv yb
t lq wkh xvxdo zd|1
Uhshdwlqj wklv uhvdpsolqj rshudwlrq B wlphv |lhogv wkh hpslulfdo glvwulexwlrq ri Fb
nd/
zklfk lv wkh errwvwuds glvwulexwlrq ri Fnd/ frpsohwho| ghwhuplqhg e| e  dqg e D1 Iru d odujh
qxpehu ri lqghshqghqw F b
nd whvwv/ hvwlpdwhg iurp wkh B uhvdpsohg vhulhv/ wkh errwvwuds





/ fdq wkhq eh dssur{lpdwhg e| wkh iuhtxhqf| ri
vlpxodwhg Fb
nd wkdw h{fhhgv wkh revhuyhg ydoxh ri Fnd1
Wkh uhvdpsolqj vfkhph lv hdvlo| prglhg wr w vwdwlvwlf Fd1 Lq rughu wr rewdlq wkh
errwvwuds glvwulexwlrq ri Fd/ prgho +4;, lv dxjphqwhg dv iroorzv=
yb
t ' e {yb
t3￿ n e  n yb
t3￿ n "b
t/ t ' ;:::;T/ +4<,
zkhuh e  lv wkh ohdvw vtxduhv hvwlpdwru ri 1 Wkh fruuhvsrqglqj errwvwuds glvwulexwlrq
dqg wkh s0ydoxh duh rewdlqhg dv ehiruh1
716 Srzhu vlpxodwlrqv
Wkh srzhu vwxg| lqyroyhv jhqhudwlqj gdwd iurp d vwdwlrqdu| VWDU prgho xqghu wkh do0
whuqdwlyh k|srwkhvlv1 Krzhyhu/ wkhuh lv qr dqdo|wlfdo dqvzhu wr wkh txhvwlrq ri zklfk
sdudphwhu frpelqdwlrqv fruuhvsrqg wr d vwdwlrqdu| prgho xqghu wkh dowhuqdwlyh k|srwk0
hvlv1 Rqo| d jxlgholqh fdq eh dffrpsolvkhg e| vhwwlqj wkh wudqvlwlrq ixqfwlrq F 'f
ru / lq rughu wr rewdlq uhdvrqdeoh erxqgdulhv wr wkh prgho sdudphwhuv1 Rq wkh rwkhu
kdqg/ vlpxodwlrqv fdq vkrz zkhuh wkh prgho lv qrqvwdwlrqdu|/ dw ohdvw lq wkh vhqvh wkdw
d uhdol}dwlrq ri iytj furvv d suhghwhuplqhg erxqgdu|1 Vxfk d furvvlqj lv wdnhq wr phdq
wkdw wkh prgho lv qrqvwdwlrqdu| iru wkdw vshflf fkrlfh ri sdudphwhuv1 Xvlqj wklv lghd
lq wkh Prqwh Fduor vhwxs/ wkh wlph vhulhv yt lv vdlg wr eh qrqvwdwlrqdu| li mytm >£ tiru
t>ffffff/z k h u h£ htxdov wkh vwdqgdug huuru ri wkh huuruv "t lq +4,1 Wklv lv ri frxuvh
mxvw d urxjk lqglfdwlrq rq qrqvwdwlrqdulw|/ hvshfldoo| iru sdudphwhu fkrlfhv yhu| forvh wr
wkh erxqgdu| ehwzhhq wkh vwdwlrqdu| dqg qrqvwdwlrqdu| uhjlrqv1
43Gdwd lv jhqhudwhg iurp wkh VWDU prgho +4, xvlqj T 'D f /d v v x p l q ji"tjnidEf;1
Vlqfh qr h{wud srzhu/ frpsduhg wr wkh ADF whvwv/ fdq eh h{shfwhg li d uhjlph vkliw rqo|
lqyroyhv wkh lqwhufhsw/ wkh wzr frqvwdqwv f dqg ¦f duh vhw wr }hur1 Wkh vl}h ri wkh uhjlph
vkliw lv wkhq ghwhuplqhg e| wkh sdudphwhuv ￿ dqg '￿1O h w￿ ' '￿ iru vlpsolflw|/ dqg
ohw wkh sdudphwhuv lq wkh orjlvwlf ixqfwlrq eh  ' fdqg c 'f 1 Wkh prgho lv wkhq
ghwhuplqhg e| rqo| wzr xqnqrzq sdudphwhuv/ '￿ dqg ¨1
Iljxuh 81 Srzhu ri wkh Fnd vwdwlvwlf iru T 'D frevhuydwlrqv1
Iljxuhv 8/ 9/ ; dqg < vkrzv frqwrxu sorwv ri wkh srzhu wr wkh irxu whvwv/ Fnd/ ADFnd/
Fd dqg ADFd/i r udj u l gr i'￿ dqg ¨ ydoxhv1 Wkh glhuhqfh lq srzhu ehwzhhq Fnd dqg
ADFnd/ h{suhvvhg dv srzhu ri Fnd plqxv srzhu ri ADFnd/ fdq eh irxqg lq Iljxuh :1 Wkh
glhuhqfh lq srzhu ehwzhhq Fd dqg ADFd/ h{suhvvhg lq wkh vlplodu idvklrq/ lv vkrzq lq
Iljxuh 431 Gxh wr vxevwdqwldo frpsxwdwlrqdo frvwv/ wkh qxpehu ri uhsolfdwlrqv rqo| htxdov
f fff/d q gDff errwvwuds uhsolfdwlrqv duh xvhg wr hvwlpdwh wkh s0ydoxhv1
Wkh vlpxodwlrqv vkrz wkdw wkh sdudphwhu frpelqdwlrqv E'￿;¨ lq wkh duhd rxwvlgh
wkh frqwrxu olqhv uhvxow lq surfhvvhv zkrvh uhdol}dwlrqv jurz zlwkrxw d erxqg zlwk wkh
qxpehu ri revhuydwlrqv1 Wkh odujhvw jdlq lq srzhu iurp xvlqj F lqvwhdg ri ADFrffxuv dw
sdudphwhu frpelqdwlrqv ri '￿ dqg ¨ vxfk wkdw  <¨<f1 Rwkhu frpelqdwlrqv lqglfdwh
qhjoljleoh ru vpdoo glhuhqfhv lq srzhu ehwzhhq wkh wzr sdluv ri whvwv1 Wkh vlqjoh odujhvw
jdlq iru wkh Fnd whvw lv dv pxfk dv DS:. shufhqwdjh srlqwv zkhuhdv wkh vpdoohvw rqh htxdov
S: shufhqwdjh srlqwv1 Wkh qxpehu ri sdluv E'￿;¨ zlwk d qhjdwlyh jdlq fruuhvsrqgv wr
derxw 2:2I ri wkh wrwdo qxpehu ri sdluv1 Wkh vlqjoh odujhvw dqg vpdoohvw jdlq iru wkh Fd
whvw duh D2:2 dqg S:b shufhqwdjh srlqwv/ uhvshfwlyho|1 Wkh jdlq lv hyhq khuh qhjdwlyh iru
derxw 2:2I ri wkh sdluv1
Wkh qhjdwlyh jdlq iru vrph ri wkh sdudphwhu frpelqdwlrqv fdq qrw eh h{sodlqhg e|
vdpsolqj huuru dorqh1 Wkh pdlq h{sodqdwlrq lv wkdw wkh dowhuqdwlyh VWDU prgho dw wkhvh
44Iljxuh 91 Srzhu ri wkh ADFnd vwdwlvwlf iru T 'D frevhuydwlrqv1
Iljxuh :1 Glhuhqfh lq srzhu/ Fnd  ADFnd1
45Iljxuh ;1 Srzhu ri wkh Fd vwdwlvwlf iru T 'D frevhuydwlrqv1
Iljxuh <1 Srzhu ri wkh ADFd vwdwlvwlf iru T 'D frevhuydwlrqv1
46sdudphwhu frpelqdwlrqv lv yhu| forvh wr wkh olqhdu dowhuqdwlyh prgho frqvlghuhg lq wkh
DGI whvw1 Wkh dx{loldu| prgho +7, lv wkhq yhu| forvh wr ru lqglvwlqjxlvkdeoh iurp wkh
DGI prgho/ dqg wkh srzhu ri wkh whvwv lv uhgxfhg ehfdxvh ri wkh h{wud sdudphwhu wr eh
whvwhg1 Dv d zkroh/ wkh vlpxodwlrq uhvxowv vkrz/ krzhyhu/ wkdw wkh Fnd dqg Fd whvwv kdyh
derxw wkh vdph ru frqvlghudeoh kljkhu srzhu wkdq wkh fruuhvsrqglqj vwdqgdug ADF whvwv
zkhq wkh dowhuqdwlyh h{klelw qrqolqhdu ehkdylru1
Iljxuh 431 Glhuhqfh lq srzhu/ Fd  ADFd1
478 Dssolfdwlrq
Lq rughu wr ghprqvwudwh wkh xvh ri wkh whvwv lq sudfwlfh wkh| duh dssolhg wr wkh vhdvrqdoo|
dgmxvwhg prqwko| X1V1 xqhpsor|phqw udwh/ iurp Mdqxdu| 4<94 wr Iheuxdu| 5333/ rewdlqhg
iurp VrxufhRHFG1 Wkh vdpsoh shulrg frqwdlqv eSH revhuydwlrqv ri wkh glhuhqfhg vhulhv1
D sorw ri wkh wlph vhulhv fdq eh irxqg lq Iljxuh 441 D w|slfdo ihdwxuh ri wkh vhulhv lv
wkdw wkhuh duh shulrgv ri udslg lqfuhdvh ri xqhpsor|phqw1 Dq lqwhuhvwlqj ihdwxuh lv wkh
dv|pphwu| durxqg wkh shdnv/ wkdw lv/ wkh lqfuhdvh lq xqhpsor|phqw lv lqghhg pruh udslg
wkdq lq wkh vxevhtxhqw ghfuhdvh1 Vxfk dv|pphwulf ehkdylru fdqqrw eh ghvfulehg surshuo|
zlwk d olqhdu prgho1 Zkhwkhu ru qrw wklv xqhpsor|phqw udwh fdq eh dvvxphg vwdwlrqdu| lv
qrw txlwh fohdu iurp wkh jxuh/ dowkrxjk d ylvxdo lqvshfwlrq pd| vxjjhvw phdq uhyhuvlrq1
Iljxuh 441 Vhdvrqdoo| dgmxvwhg xqhpsor|phqw iru X1V1D1 lq I1
Fduu|lqj rxw wkh whvwv/ xvlqj ruglqdu| ohdvw vtxduhv/ wkh dx{loldu| prgho +7, lv hvwl0
pdwhg xqghu wkh wzr qxoo k|srwkhvhv Hf￿ dqg Hf2/ dqg xqghu wkh dowhuqdwlyh k|srwkhvlv1
Wkh hvwlpdwhg htxdwlrqv dqg vxpv ri vtxduhg uhvlgxdov duh dv iroorzv=
Xqghu Hf￿ G ¦ '  'f ;¢ ' /
yt 'f :Hf{yt3￿ n yt3￿ n e "t/ SSRf￿ '  :eb
Xqghu Hf2 G ¦ 'f ;¢ ' /
yt 'f :.f{yt3￿  f:ffD n yt3￿ n e "t/ SSRf2 '  :eH
Xqghu wkh dowhuqdwlyh k|srwkhvlv/
yt ' f:Df{yt3￿ nf :fbbbyt3￿{yt3￿
nf:ff2 n f:bbHyt3￿ n e "t/ SSR '  :fb
Wdeoh 5 frqwdlqv wkh revhuyhg ydoxhv ri wkh irxu whvw vwdwlvwlfv Fnd/ ADFnd/ Fd dqg
ADFd1 Wkh s0ydoxh iru hdfk whvw vwdwlvwlf kdv ehhq hvwlpdwhg xvlqj wkh prgho0edvhg
errwvwuds phwkrg zlwk B ' ff f f 1
48Wdeoh 51 Hvwlpdwhg whvw vwdwlvwlfv dqg s0ydoxh1
Fnd ADFnd Fd ADFd
vwdwlvwlf e:.DDe f:b2fb S:bSf :eH
s0ydoxh f:f.e f:H2be f:ffbD f:S2
Vlqfh wkh s0ydoxhv ri Fnd dqg Fd duh derxw :.I dqg f:bI/ wkh qxoo k|srwkhvhv fdq
eh uhmhfwhg dw wkh DI vljqlfdqfh ohyho1 Iru eSH revhuydwlrqv/ wkh fruuhvsrqglqj fulwlfdo
ydoxhv iurp Wdeoh 4 duh derxw :S dqg e:b iru wkh DI ohyho whvwv1 Wkh qxoo k|srwkhvhv
duh wkxv dovr uhmhfwhg zkhq wkh lqihuhqfh lv edvhg rq wkh fulwlfdo ydoxhv lq Wdeoh 41 Xvlqj
wkhvh fulwlfdo ydoxhv dsshduv mxvwlhg ehfdxvh ri wkh qhjoljleoh vl}h glvwruwlrq iru ydoxhv
ri  forvh wr wkh frqvlvwhqwo| hvwlpdwhg sdudphwhu e  'f :Hf1 Wkh dfwxdo vl}h iru e  lv
yhu| forvh wr DI dv vhhq lq Iljxuhv 4 dqg 61 Wkhvh uhmhfwlrqv vxssruw wkh frqfoxvlrq wkdw
wkh X1V1 vhdvrqdoo| dgmxvwhg prqwko| xqhpsor|phqw udwh fdq eh ehwwhu fkdudfwhul}hg
e| d vwdwlrqdu| qrqolqhdu prgho wkdq e| d udqgrp zdon1 Wkh xvh ri wkh wzr ADF
whvwv/ krzhyhu/ ohdgv wr d glhuhqw frqfoxvlrq dv wkh qxoo k|srwkhvlv ri d xqlw urrw lv qrw
uhmhfwhg dw dq| fxvwrpdu| ohyho ri vljqlfdqfh1 Wkh s0ydoxhv duh odujh/ HI dqg SI/d q g
fruuhvsrqglqj fulwlfdo ydoxhv duh e:. dqg H: iru ADFnd dqg ADFd uhvshfwlyho|1 Dv iru
wkh F whvwv/ wkh dfwxdo vl}h lv yhu| forvh wr DI/ vhh Iljxuhv 5 dqg 7/ dqg edvlqj wkh ADF
whvwv rq wkh fulwlfdo ydoxhv lq Wdeoh 4 zrxog uhvxow lq qr ru qhjoljleoh vl}h glvwruwlrqv1
9F r q f o x v l r q v
Wklv sdshu frqwdlqv vwdwlvwlfdo wkhru| iru whvwlqj wkh xqlw urrw k|srwkhvlv djdlqvw wkh
vprrwk wudqvlwlrq dxwruhjuhvvlyh +VWDU, prgho1 Vrph qhz olplw uhvxowv/ wzr F0w|sh whvw
vwdwlvwlfv dqg fulwlfdo ydoxhv iru wkhp duh suhvhqwhg1 Wkh mrlqw k|srwkhvlv ri xqlw urrw dqg
olqhdulw| doorzv rqh wr glvwlqjxlvk ehwzhhq udqgrp zdon surfhvvhv/ zlwk ru zlwkrxw guliw/
dqg vwdwlrqdu| qrqolqhdu surfhvvhv ri wkh vprrwk wudqvlwlrq dxwruhjuhvvlyh w|sh1 Wklv
lv lpsruwdqw lq dssolfdwlrqv ehfdxvh vwhsv wdnhq lq prghoolqj wkh vhulhv duh olnho| wr eh
gudvwlfdoo| glhuhqw ghshqglqj rq zkhwkhu ru qrw wkh xqlw urrw k|srwkhvlv lv uhmhfwhg1 Iru
looxvwudwlrq/ wkh whvwv duh dssolhg wr wkh vhdvrqdoo| dgmxvwhg X1V1 prqwko| xqhpsor|phqw
udwh1 Wkh xqlw urrw k|srwkhvlv lv vwurqjo| uhmhfwhg/ lqglfdwlqj wkdw wkh xqhpsor|phqw
vhulhv lv ehwwhu ghvfulehg e| d VWDU prgho udwkhu wkdq d udqgrp zdon1 Wkh whvw uhvxow lv
ri lqwhuhvw zkhq wkh srvvleoh suhvhqfh ri k|vwhuhvlv lq wkh X1V1 xqhpsor|phqw lv frqvlghuhg1
49Uhihuhqfhv
^4` Ehuehq/ U10S1/ dqg ydq Glmn/ G1/ +4<<<,/ Xqlw urrw whvwv dqg dv|pphwulf dgmxvwphqw=
D uhdvvhvvphqw/ Zrunlqj sdshu/ Hudvpxv Xqlyhuvlw| Urwwhugdp1
^5` Fdqhu/ P1/ dqg Kdqvhq/ E1 H1/ +5334,/ Wkuhvkrog dxwruhjuhvvlrq zlwk d xqlw urrw/
Hfrqrphwulfd/ 9</ 4888048<91
^6` Glherog/ I1 [1/ dqg Uxghexvfk/ J1 G1/ +4<<3,/ Rq wkh srzhu ri Glfnh|0Ixoohu whvwv
djdlqvw iudfwlrqdo dowhuqdwlyhv/ Hfrqrplfv Ohwwhuv/ 68/ 48804931
^7` Hqghuv/ Z1/ dqg Judqjhu/ F1 Z1 M1/ +4<<;,/ Xqlw0urrw whvwv dqg dv|pphwulf dgmxvw0
phqw zlwk dq h{dpsoh xvlqj wkh whup vwuxfwxuh ri lqwhuhvw udwh/ Mrxuqdo ri Exvlqhvv
dqg Hfrqrplf Vwdwlvwlfv/ 49/ 63706441
^8` Judqjhu/ F1 Z1 M1/ dqg Whuçvyluwd/ W1/ +4<<6,/ Prghoolqj qrqolqhdu hfrqrplf uhod0
wlrqvklsv/ R{irug/ R{irug Xqlyhuvlw| Suhvv1
^9` Kdprul/ V1/ dqg Wrnlklvd/ D1/ +4<<:,/ Whvwlqj iru d xqlw urrw lq wkh suhvhqfh ri d
yduldqfh vkliw/ Hfrqrplfv Ohwwhuv/ 8:/ 57805861
^:` Kdqvhq/ E1 H1/ +4<<5,/ Frqyhujhqfh wr vwrfkdvwlf lqwhjudov iru ghshqghqw khwhurjh0
qhrxv surfhvvhv/ Hfrqrphwulf Wkhru|/ ;/ 7;<08331
^ ; ` N d s h w d q l r v /J 1 /d q g V k l q /\ 1 + 5 3 3 3 , / W h v w l q j i r u d o l q h d u x q l w
urrw djdlqvw qrqolqhdu wkuhvkrog vwdwlrqdulw|/ Glvfxvvlrq sdshu/
kwws=22zzz1hfrq1hg1df1xn2uhvhdufk2glvfxvvlrqbsdshuv1kwpo/ Xqlyhuvlw| ri Hg0
lqjexujk1
^<` Ndshwdqlrv/ J1/ Vklq/ \1/ dqg Vqhoo/ D1/ +5336,/ Whvwlqj iru d xqlw urrw lq wkh
qrqolqhdu VWDU iudphzrun/ Mrxuqdo ri Hfrqrphwulfv/4 4 5 /6 8 < 0 6 : < 1
^43` Oh|erxuqh/ V1 M1/ Ploov/ W1 F1/ dqg Qhzerog/ S1/ +4<<;,/ Vsxulrxv uhmhfwlrqv e|
Glfnh|0Ixoohu whvwv lq wkh suhvhqfh ri d euhdn xqghu wkh qxoo/ Mrxuqdo ri Hfrqrphw0
ulfv/ ;:/ 4<405361
^44` Ol/ K1 dqg Pdggdod/ J1 V1/ +4<<9,/ Errwvwudsslqj wlph vhulhv prghov/ Hfrqrphwulf
Uhylhzv/ 48/ 448048;1
^45` Oxxnnrqhq/ U1/ Vdlnnrqhq/ S1/ dqg Whuçvyluwd/ W1/ +4<;;,/ Whvwlqj olqhdulw| djdlqvw
vprrwk wudqvlwlrq dxwruhjuhvvlyh prghov/ Elrphwulnd/ :8/ 7<407<<1
^46` Qhovrq/ F1 U1/ Sljhu/ M1/ dqg ]lyrw/ H1/ +5334,/ Pdunry uhjlph vzlwfklqj dqg xqlw
urrw whvwv/ Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv/ 4</ 73707481
^47` Qhovrq/ F1 U1/ dqg Sorvvhu/ F1 L1/ +4<;5,/ Wuhqgv dqg udqgrp zdonv lq pdfurhfr0
q r p l fw l p hv h u l h v  /Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 43/ 46<04951
^48` Shuurq/ S1/ +4<;<,/ Wkh juhdw fudvk/ wkh rlo sulfh vkrfn/ dqg wkh xqlw urrw k|srwkh0
vlv/ Hfrqrphwulfd/ 8:/ 4694047341
^49` Slsshqjhu/ P1 N1/ dqg Jrhulqj/ J1 H1/ +4<<6,/ D qrwh rq wkh hpslulfdo srzhu ri xqlw
urrw whvwv xqghu wkuhvkrog surfhvvhv/ R{irug Exoohwlq ri Hfrqrplfv dqg Vwdwlvwlfv/
88/ 7:607;41
^4:` Whuçvyluwd/ W1/ +4<<7d,/ Vshflfdwlrq/ hvwlpdwlrq dqg hydoxdwlrq ri vprrwk wudq0
vlwlrq dxwruhjuhvvlyh prghov/ Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ ;</
53;054;1
4:^4;` Whuçvyluwd/ W1/ +4<<7e,/ Whvwlqj olqhdulw| dqg prghoolqj qrqolqhdu wlph vhulhv/ N|0
ehuqhwlnd/ 63/ 64<06631
^4<` Whuçvyluwd/ W1/ +4<<;,/ Prgholqj hfrqrplf uhodwlrqvklsv zlwk vprrwk wudqvlwlrq uh0
juhvvlrqv/ lq D1 Xoodk dqg G1 H1 D1 Jlohv +hgv1,/ Kdqgerrn ri dssolhg hfrqrplf
vwdwlvwlfv/ Ghnnhu/ Qhz \run/ 83:08851
^53` Wrqj/ K1/ +4<;6,/ Wkuhvkrog prghov lq qrq0olqhdu wlph vhulhv dqdo|vlv/Q h z\ r u n =
Vsulqjhu0Yhuodj1
Dsshqgl{ D
Surri ri Wkhruhp 4

































































zkhuh wkh odvw whup lv Op E/r uop E li Eu￿
t 'fdv lq wkh Jdxvvldq fdvh1 Qrz ohw
¥t 'E ut;u 2
t  Eu2
t
￿ ;V t '
t S
i’￿
¥i dqg Vf 'f 1 Wkhq/ iurp Kdqvhq +4<<5,/ Wkhruhp



























































































4;zkhuh wkh odvw whup lv Op E1O h w¥t 'E ut;u ￿
t  Eu￿
t
￿ ;V t '
t S
i’￿
¥i dqg Vf 'f 1 Wkhq/




t frqyhujhv zhdno| wr
























































dqg ohw ¥t/ Vt dqg Vf eh dv lq Ea1 Ohw Dvvxpswlrq 4 krog zlwk  ' : Lw wkhq iroorzv





























































t dv T $ 41+ D 1 4 3 ,






















































zkhuh wkh wzr vxpv rq wkh uljkw0kdqg vlgh duh Op

T￿=2
dqg Op ET uhvshfwlyho|1
Wkh glhuhqfh lv wkxv op ET2/ lpso|lqj wkdw +D1<, krogv1
4<Ed Ohw ¥t 'E ut;u t3￿"t
￿ ;V t '
t S
i’￿






















































W ErdB Ern\ ￿;2 +D147,
















































E Euiuj3￿E E"j'f 1
+D149,
Wkxv wkh wzr Eurzqldq prwlrqv W Er dqg B Er duh lqghshqghqw/ dqg wkh uhvxow
iroorzv1




t3￿ut/ dqg vxssrvh wkdw Dvvxpswlrq
4k r o g vi r u ' 1Q r zo h w¥t ' ut;V t '
t S
i’￿
¥i dqg Vf 'f 1 Lw iroorzv iurp Kdqvhq
+4<<5,/ Wkhruhp 715/ wkdw T3￿=2
T S
t’￿






















































53zkhuh wkh wzr vxpv rq wkh uljkw kdqg vlgh duh Op

T ￿=2















zklfk suryhv Ee dqg frpsohwhv wkh surri ri Wkhruhp 41 
Surri ri Wkhruhp 5
























































































































Jlyhq wkh olplw glvwulexwlrqv lq Wkhruhp 4 dqg rwkhu nqrzq olplw uhvxowv/ wkh ruglqdu|
ohdvw vtxduhv hvwlpdwru/ +45,/ frqyhujhv zhdno| dv iroorzv



















































































































































































1 Lw wkhq iroorzv wkdw/ iru wkh k|srwkhvlv




/w k hFnd whvw vwdwlvwlf ghqhg e| +46,/ htxdov


































W ErdB Er £W E ￿






































































































































































zklfk hqgv wkh surri ri Ei1








￿1W k hF whvw vwdwlvwlf/ ghqhg e| +46,/ htxdov






















RCT EbT  =2 +D157,












W ErdB Er £W E ￿








































































































































































dv lq Ei1 Wklv frpsohwhv wkh surri ri Eii dqg
Wkhruhp 51 
57